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NEW FRONTIM.; IN MAMF.MATICS EPUC I

PRIJ.11:.0 I Tim mAllir.Ti( 11 1.712, 1,01'MT OF L:11 I IiiHN

prc17cntat ion at the AAAS Anneal lbs Ion Nec t
Feb mar y

by Eugene I). Nichols,

III ST( I

- P1flC

U S DEPARTMENT OF WALT It
EDUCATION& WELFARE
NATIONAL INETITUTE OF

EDUCATION

/ to s Documc NT HAS DEER REPRO.
csuccD ExAcI Ls' AS IIECEVW FROM
THE PERSON OR ORGANIZATION ORIQIN

it PoIN is OF VIEW OR OP INIDNS
s,A IF O DO NOT NEC ESSAAIIL PEPHE
SEN T OF F iCI AL NA TIONAL I hISTITUTE OF
EDUCATION POSIT ION POL ICY

The U ecaLl 01 the 's begzio with a reox ami nat i on ef and debates
about the virtues and !=hortec ni ings of the mathematics curri.eni 1 a produced
during tho 50's and 6 call- "modern ;Rath." During Fall i972, the

thomatics Education faculty at tho Florida State University hcari dis-

til° future directions main:null:Les education mig _t

of selected knowledgeable individ als who ocild re-

s ggest an appropriate course for the future seemed

cussions concerning

take. A conference

exami-e the past an

to be in order.

The Florida State University provided fina-

e-day conference Olich uas held in Tallahassee on Sop

1 support for a

r 10-11,

1973. The purpose of the conference was to explore the major issues re-

lated to the teaching and learning of mathe atics in the elementary grades.
To accomplish this, sixteen individuals were invited to take part in the
conference: eight individuals prepared-a pa_er in advance and each of

the reNaining individuals prepared a reaction to one of the eight papers.

The authors of the papers, institutions, the titles of th ir

papers, and the reactors to the papers were:

. Stephen Willoughby, New York L_J: iversity, Locconed and

PitfalZa to be Avoidd -the Continuzng Curiciar eJ'ter
fforts in Watcr ties Eduoation," Reactor: Edwar-- Bogle

ord University.

Jack Downes, Emory Univers- y (pres ntly at Georgia State Uni-

VerSity), the Go of That? What' the Particulaz, Go

of That?" Reactor: Robert Kalin, Florida State University.

Robert Wirtz, Carmel, California, "Toord an Vnytnished Curri-

cuZum." Reactor: Williaiti McKiLlip, Uftiversity of GoorQia.

Max Bell, University of Chicago, "Some Needed PiPections and

Empahses in the Ma aerna,vaaL Educati n of Evernman in the
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Ppe-flf,gh flehor, Yeavn," Reactor: John LeBlanc, Indiana

University.

Walter Dick, Florida State University, "Hole of Educational

Technology in Mathematics Czo,rietaum." Reactor: Tom

Denmark, Florida State University.-

James Wilson, University of Georgia, "The Evaluation Component

of a thernatic Cu2vicnlum Devslopmant." Reactor: Gerald

Rising, University of Buffalo.

Stanley Erlwanger, University of Illinois, "2hc ObJpoatiou-

IntePview Method and Some Case Studic2a." Reactor: Leclie

Stoffe, University of Georgia.

Charles Smock, University of Georgia, "l7iceowering Psycholo-

gical. Principles for Mathematics rnstruction." Reactor:

Merlyn Behr, Northern Illinois University.

The publication, Proceedings ofthc Con 'erence, on the Future of Mathe-.

matical Education is available For $3.50 from: PMDC, Florida State

University, Johnston Building, Tallahassee, FL 32306. Please make

check payable to Florida State University.

Even after the many discussions and deliberations which followed

the conference, there was no obvious message that would suggest the ap

propriate emphes in the future mathematics curriculum. It seemed

cIear that the present knowledge about how children learn mathematics

was not sufficient to serve as a guide for constructing a pedagogi-

cally sound mathematics curriculum. That is, a curriculum in which

more students will succeed in learning the skills and concepts usually

taught in the early grades.

During Fall 1973, a proposal was submitted to the National

Science Foundation requesting financial support for a project in which

principal investigators located at Florida State University, University

of Georgia, University of Texas, and University of Ohio would work with

first and second grade children. A grant for the initial phase to cover

the period June 1974 August 1975 was given to begin the Project for

the Mathematical Development of Children (BMDG) with Dr. Eugene D. Nichols

of Florida State University as Director. The second phase of_the.Projett

is now under way at only two sites, Florida State University and .Univer-

sity of Georgia.



MAJOR CONCEkNS

In the initial pr posal PMDC was envisioned as direct ing 1

long-range activities toward the following nine objectives:

1. To develop interview techniques with individual

children, which will result in insights into

children's modes and patterns of thinking.

2. To work will teachers to develop techniques for

evaluating individual children's understandings in

mathematics, mainly through observations and interviews.
3. To develop and test techniques for reliably assessing

the understandings and skills children have when
eh ring the first and second grados.

4. To study the feasibility of teaching children some

selected concepts and skills which are not ordinarily

taught in standard curricula at this age level.

5. To study the feasibility of teaching the usual first

and second grade level concepts and skills, bu

employing different approaches with the aim of

achieving greater success.

6. TO develop modules, including various aids, in

pursuit of the above five objectives.

To identify those practices which teachers succeed

with; to capture, refine and extend these practices

to other teachers.
4

To explore ways in which teachers can successfully

learn to incorporate into their daily practice the

materials.produced and findings obtained in me ting

objectives one through seven.

9. To develop techniques and procedures for evaluat ng

all activities pursued in meeting objectives one

,through eight.

Activities during the two years have been focused p ima_ily on objec-
tives 1, 3, 5, and 6.
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III. RATIONALE

To p rojici se that a child's thinking process serve JS a basis

for curr cul um development is to presuppose that curriculum makers

agree as to what this process is. This is not the case. Even if it

were, it is further assumed that there is agreement on what im ilea-

tions this thinking process would have for the curriculum.

In the act al world of today's elementary school Classroom,

with not much hope for drastic changes- for the better in the foresee-

able future, it appears that to build a realistic, yet sound basis for

the rinitheniat ics curriculum, the mathematical thoughts of children in

their normal school habitat need to be studied intensively. Given al

opportunity to third fr- childr-n clearly display certain patterns

of thought as they deal with the usual mathematical situations oneoun-

_red daily in their classroom. A videotape record el the child's

expressed thoughts, uninfluenced by any teaching on the part of the

interviewer, provides a rich source for the formulation of conjectures

as to what these thoughts are, what mental structures the child has

developed, and how the child uses these structures when dealing with

he ordinary concepts of arithmetic. An analysis of this videotape

record further prompts some conjectures about possible sources of what

the adult views as "misconceptions," about how the school environment

(the teacher and/or the materials) influences the child's thinking,

and about whether the teacher and/or the materials "fights" the ehil

natural thought processes.

In response to the above rationale, the activities in PMDC focus

on understanding the child's thinking within the context of the mathe-

matical environment found in the schools.

IV P DC's ACTIVITIES

A. Interviews

First and second grade children are interviewed by princ pal

investigators; the interviews are videotaped. The videotapes are then

studied by individuals with training in mathematics education, research

methodology, psychology, and psycho-linguistics. One area of concern,

which has emerged as a result of the interviews and analyses is symbo-.

lization, since a large part of the daily mathematical instruction in

the first and second grades deals with writing, reading, and interpre ing
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Mathematic;11 Suntl'Itc' A number oF (1t1cr4t 1 oilS an se cOl]erii ing his

skill:

no chi ldron connect what they

of real objects (beans, blocks, etc.).

ns of mat lew 1 lcal sentences

xthook pictures which are intendol to suges t ian ique

operations and sentences?

How do children view the concept of equality?

Through clinical intcrvi ows with in( .vidual drei

vestigntcrs have attompte

interviews suggest, for

How do children interpret, in

fl he manipi-latieu

ci

find answers to those quest' These

:ince, that first and second graders view

the symbol for equality as an and not as a relation symhol.
_

For example, they accept 2 + 3 5 as a correct sentence, but they say

that 5 3 is "backw:-rds" and change it to 2 + 3 . S. Sinilarly,

they consider 3 = 3 as meaningless and typically change it to one of

the following: 0 + 3 or 3 + . 6 or 3 3 . 0. More generally,

children seem to view ma hematics as an action suoject you must do

something.

When interview- revealed that first and s-cond graders held this

concept of equality, further one-to-one interviews were held with chil-

dren in grades 3 through 6. Some of these interviews suggested that

some children in these higher grades continue to hold this concept of

equality. One further question of importance arose in connection with

these findings: Does this concept of equality interfove, in a signifi-

Gant way, with the child's ability to grasp the concept of place value

and to develop efficient computational algorithms? This question is

presently being investigated by means of a teachiv! experiment.

Generally, the sequence of events in Project activities is :ono-

thing like this:

1. A principal investigator uncovers the particular way a

Child thinks about a specific key mathematical idea by

means of an interview.

2. This investigator and other principal inv s igators

replicate the interview.

If a pattern emerges, it is cap ured i- the form

a :entative conjecture.

The validity of the conjecture is established by

further analysis of the interview, discussion, and
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re 11 cc t Howt.

Ways I t c s t ng wiAt I s udged to he a signil Ic ant

conjecture are in ruiu -kited.

conje s tested; tEis may involve develop

melt of malcriais to he used

7. The --ljecture may become

8. The f I tid ing is acted upon;

raching _ epe riment.

ect finding.

may mean developiig

additional teaching iiiateriai s and communicating tle

findings to the appropriate people in the profession.

P. The rt.fined teaching materials are placed in the hands

regular teachers to be used und ordinar, class-

'oom conditions by them while being observed.

Intervi ring, videotaping,alidnnaly:ing tapes are some of the on

going a ctivitie s of the Project. As of this date, taped interviews of

individual children and small groups of children fall into

ing eighteen ca tc'gori es, with the approximate times and the

children for each category (from Tallahassee Site only):

tOTii no. of child en

the follow-

number of

SMS' Text Fall 17 5

Sense denotation 12 4

Set equivalence 8 3

Seriatlon 7 2

Counting 5 1

Conservation of length_ and measurement 34 17

Workbook exercises 16 8

Meaning of equality and addition 36 21

Missing addcnd 3 3

Place value 6 6

Mathematical sentences 9 9

Drill 2 1

Symbolism 34 21

KeyMath Test Fall '75 50 19

PMDC Test Fall '75 54 20

Ti Multiple embedimei teaching experiment 28 20

T3 Equality and addit n teach. experiment 6 1

14 Pictures and mathematical sentences 24



H. Ienchinv V,x)erimcnt and Ohsorvatioual Studios
As a result of interviews and observations or children and

teachers, the principal investit,ators formulated F,0 conjectures by
Spring 1975, l'ive teaching experiments were designed to test those
conjectures which seemed to have the most relevance for the learning
of addition, subtraction, and place value in grades 1 and 2. The main
emphases in those experiments are as follows.

1. The role of embodiments in the learning of place value,
addition, and subtraction by second grade. children. (To

iilustrnte in wcater dcail what is 'want hy toachinll
experiment, d COp)' of a teaching experiment proposal "T1,
July 1975, TiOlahass.oe Group, Fflectr. of the Multiple Em-
bodimerit and !Whematieat Pri,nciple;3 on grid

CradePD' Loavning aJd VHdovotanding of Two-Digit Addition
and Subtraction and Effeoto of Vranofor to Three-Digit
Addition and 8ubtrool;ion," is enclosed.)

Teaching the concept of equality as a rclation,rather than
as an operator as is the conventional practice. The effect
of the understanding and acceptance of equality as a rela-
tion upan the learning of numeration, expanded notation,
bridging the tens in addition, and upon the transfer power
of this understanding to addition and subtraction of two-
digit numbers with regrouping is being studied.

. Constructing andlearning of alternative computational algo-
rithms by second grade children. This teaching experiment
has four objectives:

a. To identify and study the mental operations for the
learning of algorithms (particularly computational
procedures) by elementary school children.

b. To identify and study the cognitive development and
readiness factors in learning whole number computation.

c. To investigate the learning effects of instructional

treatments in which it is intended that children de-
velop and study alternative algorithms.

d. To develop and study instructional procedures and
materials for helping children generate and study
alternative algorithms.

4. Investigating first grade children's degree of success

8
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with writt ('U symhnlization as a function ol readiness for

symholization. The extent to which children are able to

use and jfltC rprct mathematical symbols is investigated in

this teach ing experiment.

Inve t igat Ang three learning and instru tional phases fo

addition afld subtraction:

a. Exploratory phase,

b. Abstract ion-represciitution phase, and

C. Formalizati n-interpretation phase.

'ea CII ing materials, 'opriatc for each teaching cxper

itig developed. Lx 1st i I1 manipulative aids arc selected as they

fit th requirements of tho experiments. If the required manipultive

aids do not exist, they arc constructed.

The findings of each teaching experiment will he analyzed and

roper Those materials which have pro uced superior results will

be tested by having them used by the elem r_ary school teachers in oi-

dinary classroom conditions.

Hopefully, one of the prodi ts of the teachin-, experiments will

be a mtch better understanding of children's thinking. This should

contribute some insights into the reasons for the failure of large num-

bers of students in understanding some basic mathematical concepts.

C. Assessment of Children's

mc is developing diagnostic tests, administered on a one-to-

one b -is te first and second graders at the beginning and the end of

the scheol year. Individuals are trained in the techniques of adminis-

tering those instruments. Videotapes of these testing sossion are bein-

analyzed, again with the purpose of gaining insights into children's

mathematical thinking. Group data and correlations between various c

ters of skillsand concepts are analyzed by the use of computer programs.

During Fall 1975, about 200 first and 200 second grade children were

tested.

lination

The knowledge gained by means of the thnDe activities described

above is shared with the profession, including curriculum designers and

textbook writers. This is accomplished primarily through publications

and professional conferences.



hach part i C i pail t will receive the

1. A copy or this paper (with the

2. PMHC's News Ic tt e r No, 1

3. jJfflr! s Newsletter No. order foi

for other available pub tiLc Lions)

4. Rrochurc of the Conference Proceedil

ul 1owiii materials:

teaching experimen

'ihose iii ticipants 1.1 511 iig to have their names placed on the

m a i l i t l l i s t for future Newsletters may give t h e i r names and mai ine

addresse 5 1.o br. N ho ln OF send to:
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